Analytic Methods in Partial Differential Equations

Michael Ruzhansky

Some exercises to the course

1. Work out the details of the proof of the Riemann—Lebesgue theorem. In particular,

investigate the case when some of §;’s are zero.

2. Prove that f € S(R") if and only if for all @ > 0 and N > 0 there is a constant

C,.n such that [0%p(z)| < Coun(1 4 |z|)™V for all z € R™

3. Prove that f]R” 1+|x‘) < o0 if and only if p > n. Also prove that f
and only if p < n.

4. Let ¢, € S(R"). Prove that oo(€) = (3 * )(€).

lz|<1 |ct|P

< oo if

5. Prove the following generalisation of Holder’s inequality. Let 1 < p,q,s < co be

such that % + % = 1. Let f € L?(R") and g € LY(R"). Prove that fg € L*(R")
and that [[fg[[zs < [[f]|zr|lg]]La-

6. Let f be a smooth function such that f and all of its derivatives are bounded by
some polynomials. Prove that the mapping u — fu is well-defined and continuous

from S'(R™) to S’'(R™).
7. Prove that 1 = 4.

8. Work out the details of all the statements from 1.3.9 about distributions.

9. Let §2 be an open subset of R™. Show that our canonical identification of functions
with distributions yields the inclusions Lf (€2) € D'(f2) for all 1 < p < oo. Prove

that these mappings f +— uy are continuous from L} (€2) to D'(9).

10. Define u : R — R by

(z) = x, if <1,
Y= 2, if 2> L

Calculate its distributional derivative.

11. Prove that the d-distribution is not an element of Llloc

(R™).

12. Define u(z) = |z|™* for x € B(0,1) C R", = # 0. Also set u(0) = 0. Find

conditions on a, n,p, k for which u € L} (B(0,1)).

13. Work out the details of 1.3.15 about mollifiers.
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Let T, be a pseudo-differential operator with symbol a € S™. Let f € S(R"™).
Show that all the derivatives of T, f are rapidly decreasing, thus completing the
proof of 2.1.3 that T, f € S(R™).

Work out all the details of the convergence criterion in 2.1.3.

Let a € S™ and let v € C§°(R™ x R™) be such that v = 1 near the origin. For
€ > 0 define a.(z,§) = a(x,&)y(ex, €€). Prove that a. € S™ uniformly in 0 < e <1
(i.e. show that the constants in symbolic inequalities may be chosen independent
of 0 < € < 1); Prove that agafae(x,g) — 8;‘8?@(1’,5) as € — 0, uniformly in
0<e<l1,forall z,£ € R".

Let a € S™. Prove that the adjoint operator 7' : S(R") — S(R") is well-defined
and continuous.

Let v € §'(R") and ¢ € S(R™). Prove that all the derivatives of (u * ¢)(z) =
u(7, Ry) with respect to x are continuous.

In the proof of the composition formula in the first case, show that the derivatives
of the error have the symbolic behaviour. Namely, let a € S™, b € S™2, and
assume that b(y, &) is compactly supported with respect to y. Let Ry(z,y,&) =
a(@, & + 1) = D ju<n W@g‘a(x,f)agb(z,ﬁ) be the remainder in the Taylor’s
formula. Prove that

0;0; </ 62”’”'"371(93,5,n)g(n,f)dn>‘ < Cyon(14 |ymtma=N-h

for all z,£ € R™ and all multi-indices 3, 7.

Let zp € R™, a € 8™, by € S™2, and assume that by(y, &) = 0 for |y — xo| < 1. Let

o(z,€) = / ) / ) 2™ = g (3, )by (y, €)dydn.

Prove that
0507 c(w,€)| < Cgpn(1+ [€)™ 7,

for all |x — x| < 1/2, all £ € R", all multi-indices 3,7, and all N > 0.

Work out the details of the proof of the theorem that says that an operator with
a compound symbols is a pseudo-differential operator. In particular, work out
the part with the estimation of the remainder, and the part when the compound
symbols in not compactly supported.

Prove that if a; is a smooth function such that ay(z, \6) = Nag(x,€) for A > 1
and || > 1, then a;, € S*.

Prove that the composition of two pseudo-differential operators with classical sym-
bols is again a pseudo-differential operator with a classical symbol.



