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FOURIER MULTIPLIERS ON GRADED LIE GROUPS

VERONIQUE FISCHER (Bath) and MICHAEL RUZHANSKY (Gent and London)

Abstract. We study multipliers on graded nilpotent Lie groups defined via group
Fourier transform. More precisely, we show that Hérmander-type conditions on the Fourier
multipliers imply LP-boundedness. We express these conditions using difference operators
and positive Rockland operators. We also obtain a more refined condition using Sobolev
spaces on the dual of the group which are defined and studied in this paper.

1. Introduction. The Mikhlin multiplier theorem [24] 25] states that if
a function o defined on R™\ {0} has at least [d/2] + 1 continuous derivatives
that satisfy

(1.1) Va e NG, |a| < [d/2]+1, |0%(€)| < Calé]™1,

then the Fourier multiplier operator T, associated with o, initially defined
on Schwartz functions via

(1.2) To¢:= F {0},

admits a bounded extension on LP(R?) for all 1 < p < co. Above, [t] is
the integer part of ¢ and F¢ = ¢ denotes the Euclidean Fourier transform
of a function ¢. Hormander improved the Mikhlin multiplier theorem by
showing [20] that a sufficient condition for T, to be bounded on LP(R?) is

the membership of ¢ locally uniformly to a Sobolev space H*(R?) for some
s > d/2, that is,

(1.3) 31 €D(0,00), n# 0, suplo(r-)n(]- 12|52+ < o0

If a multiplier satisfies the Héormander condition with s close enough
to d/2, then it satisfies the Mikhlin condition . Anisotropic analogues
of the Hérmander condition have been studied by Riviére [29].

In this paper, we present analogues of the Hérmander and Mikhlin con-
ditions in the context of Lie groups equipped with (anisotropic) dilations,
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and show that they imply the LP-boundedness of the corresponding Fourier
multiplier operators. In the context of (unimodular type 1) Lie groups, the
Fourier multipliers are defined formally as in but with the Euclidean
Fourier transform replaced with the group Fourier transform. A multiplier
symbol ¢ is now a field of operators parametrised by the dual G of the
group G. Any two multiplier symbols may not necessarily commute.

The LP-multiplier problem has been extensively studied in various con-
texts. On Lie groups, a large part of these studies were primarily concerned
with spectral multipliers of one (or several) operator such as a sub-Laplacian
(see e.g. [1, 27]), with the difficult and still open question of the optimality
of a Mikhlin—H6rmander condition in terms of the topological or homoge-
neous dimensions [18 28, 23] in the nilpotent case. Much fewer works were
devoted to Fourier multipliers. The first study of Fourier multipliers on Lie
groups dates back to 1971 with Coifman and Weiss’ monograph [5] where
they developed the Calderon—Zygmund theory in the setting of spaces of
homogeneous types and as an application studied the Fourier multipliers
of SU(2); see also [0l [7]. But then the research into Fourier multipliers on
compact Lie groups focused on the central multipliers [34], 136, 37, [38]. This
was so until the recent results on Fourier multipliers on compact Lie groups
by the second author and Jens Wirth [32, 33|, and by the first author [13].
To the authors’ knowledge, the rest of the literature on the LP-multiplier
problem for Fourier multipliers on Lie groups is restricted to the motion
group (Rubin in 1976 [31]) and to the Heisenberg group stemming from the
work of De Michele and Mauceri in 1979 [9].

As in [32, 33, 13], our hypotheses are expressed using difference operators.
The methods of proof rely on the Calderén—Zygmund theory adapted to the
setting of spaces of homogeneous type as in [5], see also [29]. These meth-
ods are the classical approach for proving Fourier or spectral LP-multiplier
problems on nilpotent Lie groups. In the case of the Heisenberg group, our
conditions recover and generalise the results in [9], using the explicit descrip-
tion of the difference operators from [I5, Chapter 6.

Multiplier theorems and other results on nilpotent Lie groups have a
wealth of applications; see [30] for seminal results and motivation in analysis
on nilpotent Lie groups, and [35] for the case of the Heisenberg group. Our
Mikhlin-Hormander result was already used in [4] and may lead to further
advances in understanding Besov spaces and their applications.

In this paper, we will give the analogues of both Mikhlin- and Hérmander-
type conditions for the Mikhlin-Hormander multiplier theorem. The former
is given in terms of difference operators on the unitary dual G of the group G,
which are analogues of derivatives with respect to dual variables in the case
of R™. The latter is given in terms of Sobolev spaces on G that we will define
and study in this paper. We will also see that Theorem under Mikhlin-
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type conditions is implied by the Hormander-type condition of Theorem [T.2]
The definitions of graded nilpotent Lie groups, homogeneous dimensions,
dilations weights, Rockland operators, difference operators A% etc. will be
recalled in Section 2L

THEOREM 1.1. Let G be a graded nilpotent Lie group with homogeneous
dimension Q. Let 0 = {o(n) : m € G} be a measurable field of operators

m LOO(CA?). Assume that there exist a positive Rockland operator R and an
integer N > Q/2 divisible by the dilation weights such that for all o] < N
the following quantities are finite:

(14)  sup [1(R)V A% | g,y and  sup |A%m(R)V| 4,
TeG TeG

where v is the degree of R. Then the Fourier multiplier operator T, corre-
sponding to o is bounded on LP(G) for any 1 < p < oo. Furthermore,

1751l 2 r (@)

SC Y sup [a(R)V A% g, + sup [A%0w (R | 231,
[a]sNﬂ'EG meG

with C' = C, ¢ independent of o.

Theorem applied to the abelian Euclidean setting, that is, (R?, +)
with the usual isotropic dilation with R being the Laplace operator, yields
the Mikhlin theorem. This will also be the case for Theorem Indeed,
in the Euclidean abelian setting, m(R) is replaced with |£|? where ¢ is the
(Fourier) dual variable.

We now give the analogue of the Hormander-type condition. In Defini-
tion and the subsequent discussion we introduce and investigate uni-

~ A~

formly local right- and left-Sobolev spaces H}, p(G) and Hf,, ;(G), respec-

tively, on the unitary dualA@ . Using these spaces we can then define uniformly
local Sobolev spaces on G by

Hlsu (G) = Hlsu,R(G) N Hls.u.,L(G)v
with the norm
lolla;, mr =max(lollag,  orlolag, nr),

depending on the choice of nn € D(0, 00) and a positive Rockland operator R,
and in Proposition we show that different choices of n and R lead to
equivalent norms. Then we have

THEOREM 1.2. Let G be a graded nilpotent Lie group. Let o = {o(m) :

TE @} be a measurable field of operators in L2(@). Ifo e Hfu(@) for some
s> Q/2, where Q is the homogeneous dimension of G, then the correspond-
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ing operator T = T, is bounded on LP(G) for any 1 < p < co. Furthermore,

ITl.z(r@) < Clolug, ar;

where C' > 0 is a constant independent of o but may depend on p,s,G and
the choice of n € D(0,00) and a positive Rockland operator R.

Theorem [1.2] will be reformulated in Theorem [L.11] and further refined in
Corollary

The paper is organised as follows. In Section [2| we recall the necessary
material regarding the setting. In Section Bl we define and study Sobolev
spaces on G. In Section 4} we present our Mikhlin—H6rmander condition. In
Section [5] we prove the results of the previous section.

NoTATION. We write Ng = {0,1,2,...} and N = {1,2,...}. If H; and Ho
are two Hilbert spaces, we denote by 2 (H1, Hz) the Banach space of bound-
ed operators from Hy to He. If Hy = Ho = H, then we abbreviate £ (H1, Ha)
to Z(H). We may allow ourselves to write A < B when A is less than B
up to a constant, and A < B when the quantities A and B are equivalent in
the sense that there exists a constant such that C"'A<B<CA.

2. Preliminaries. In this section, after defining graded Lie groups, we
recall their homogeneous structure, some general representation theory in
this context, as well as the definition and some properties of their Rockland
operators.

2.1. Graded and homogeneous Lie groups. Here we briefly recall
the definition of graded nilpotent Lie groups and their natural homogeneous
structure. A complete description of the notions of graded and homogeneous
nilpotent Lie groups may be found in |16, Ch. 1] and [I5, Ch. 3].

We will be concerned with graded Lie groups G, which means that G
is a connected and simply connected Lie group whose Lie algebra g ad-
mits an N-gradation g = ;2 g¢ where the go, £ = 1,2,..., are vector
subspaces of g, almost all equal to {0}, and satisfying [g¢, g¢] C geter for
any £,/ € N. This implies that the group G is nilpotent. Examples of such
groups are the Heisenberg group and, more generally, all stratified Lie groups
(which by definition correspond to the case of g; generating the full Lie al-
gebra g).

We construct a basis X1, ..., X, of g adapted to the gradation, by choos-
ing a basis {X1,..., Xy, } of g1 (this basis is possibly reduced to ), then
a basis {X,,41,..+, Xny4nyt Of g2 (possibly () as well as the others) and
so on. Via the exponential mapping exps : g — G, we identify the points
(1, ...,xy) € R™ with the points z = expg(z1 X1 + -+ - + 2, X,) in G. Con-
sequently we allow ourselves to denote by C(G), D(G) and S(G) etc. the
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spaces of continuous functions, of smooth and compactly supported func-
tions, of Schwartz functions on G identified with R™ etc., and similarly for
distributions with the duality notation (-, -).

This basis also leads to a corresponding Lebesgue measure on g and
the Haar measure dz on the group G, hence LP(G) = LP(R™). The group
convolution of two functions f and g, for instance integrable, is defined via

(f = 9)(@) ==\ f()g(y'z) dy.

The convolution is not commutative: in general, fxg # g+ f, but the Young
convolution inequalities hold:

1 1 1

21) |f*gller@@) < Mflleeellgllizaey,  psgr €[1,00], 1+ . + 7
The coordinate function G 3 x = (z1,...,2,) — 2; € Ris denoted by z;.
More generally, for every multi-index o € Nj we define z® := z{* ... 25"

as a function on G. Similarly we set X¢ = X" ... X5 in the universal
enveloping Lie algebra $l(g) of g.

For any r > 0, we define the linear mapping D, : g — g by D, X = ‘X
for every X € gy, £ € N. Then the Lie algebra g is equipped with the family of
dilations {D, : r > 0} and becomes a homogeneous Lie algebra in the sense
of [16]. We arrange the set of integers ¢ € N such that g, # {0} into the
increasing sequence vy, . . ., U, of positive integers counted with multiplicity,
the multiplicity of gy being its dimension. In this way, the integers vy, ..., v,
become the weights of the dilations and we have D, X; = r% X;, j =1,...,n,
on the basis of g choosen, and we have X; € g, for j = 1,...,n. The
associated group dilations are defined by

Dy(x)=r-z:=(r"xy,...,r""x,), z=(x1,...,2,) € G, 1r>0.

In a canonical way this leads to the notions of homogeneity for functions
and operators. For instance the degree of homogeneity of ® and X%, viewed
respectively as a function and a differential operator on G, is

[a] = Z v;ay.

Indeed, let us recall that a vector of g defines a left-invariant vector field
on G and, more generally, that the universal enveloping Lie algebra of g
is isomorphic to the left-invariant differential operators; we keep the same
notation for the vectors and the corresponding operators.

Recall that a homogeneous quasi-norm on G is a continuous function
|- | : G — [0,00) homogeneous of degree 1 on G which vanishes only at 0.
This often replaces the Euclidean norm in the analysis on homogeneous Lie
groups, for instance in the following well-known properties:
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PROPOSITION 2.1.
(1) Any homogeneous quasi-norm | - | on G satisfies the triangle inequality
up to a constant:
C21Ve,ye G  |ay| < C(lz] + [yl).
It partially satisfies the reverse triangle inequality:
(2.2) Vbe (0,1)IC=C,>1Va,ye G |yl <blz|= ny\ - ]a:H < Cly|.

(2) Any two homogeneous quasi-norms |- |1 and |- |2 are equivalent in the
sense that

IC>0Vz e G Clz|s < x|y < Clzlo.

An example of a homogeneous quasi-norm is given via

(2.3) |2y, = <iw§yo/fuj)1/(2yo)7

j=1
with v, a common multiple to the weights vy, ..., v,.
We will use the Young inequalities together with the properties of quasi-
norms in the following way:

LEMMA 2.2. Let |- | be a quasi-norm and let s > 0. Set ws = (1 4+ -)%.
Let p,q,r be as in Young’s inequality in (2.1). If f and g are measurable
functions, then (with possibly unbounded quantities)

|ws f*gllzra) < Cllwsflleea)lwsgllLaa),
where the constant C' is independent of f,g but may depend on s,G,| - |.

Proof. The triangular inequality (see Proposition easily implies
(2.4) 3C =C, ) Vr,y € G ws(w) < Cws(zy Hws(y),
yielding ws(x)| f*g|(z) < Clws f|*|wsg|. We conclude with Young’s inequality
(sce (21)). =

Various aspects of analysis on G can be developed in a comparable way
with the Euclidean setting, sometimes replacing the topological dimension
n =2y ,0,dimg, of the group G by its homogeneous dimension

o0
Q= Zfdimgg =v;+ -+ Up.
(=1
For example, there is an analogue of polar coordinates on homogeneous
groups with @ replacing n (see [16]):

(2.5) VieLNG) | f@)de=\ | fry)r? " do(y)dr,
G 06

with ¢ a (unique) positive Borel measure on the unit sphere & := {z € G :
|z| = 1}. This implies the following simple embeddings:
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COROLLARY 2.3. Let | - | be a fized homogeneous quasi-norm on G. If
s > Q/2, then there exists C > 0 such that for any measurable function f
we have
[l < CHA+1- Dl

Moreover, as long as s — e > Q/2, there exists C > 0 such that for any
measurable function f we have

IA+T- DSl <CIHA+T-D*Fllrze)
Proof. By Cauchy—Schwarz’ or Holder s inequality, we have
[+ 1-Dfllzre) < CsellX+ 1D fll2 (e
where Cy := [|(1+]-])7**|| 12(¢). Using the polar change of coordinates (2.5),
we see that Cj is finite for s —e > Q/2. u
We will need an L'-mean value property:

LEMMA 2.4. There exists C > 0 such that for any h € G and any f €
CYH(G) we have

[N A QDL ANE S CZ [N Xefll L2 ()

/=1

If = F(h)ller e <C2|h|w||X€f||L1

(=1
In this paper, if X € g, then we keep the same notation X for the left-
invariant vector field while X denotes the right-invariant vector field, that
is, for any function f € C*°(G) and = € G we have
d

f(zexpg(sX)) while Xf(z) = % flexpg(sX)x).
s=0 s=0

We adapt the argument of [16, Mean Value Theorem 1.33| and [15], §3.1.8].
Proof of Lemma(2.4. Any h € G may be written as
h=hy...hy, with hy:=exp(tsX;) and |ts| < C|h|*/"".

Therefore,

If = F(R)llprey < ZS |f(hjhjst .. hnx) — f(hjy1 ... hpz)|de

j=1G

SZ S | X, f(exp(sX;)hjs1 - .. hpx)| dz ds
J=1 Gx[0.4;]

=2 ) XS rdyds—Zrtj SrXf )| dy.
J=1 Gx[0,t;]

This shows the right case, and the left case is 51m11ar. "
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2.2. The dual of G and the Plancherel theorem. Here we set
some notation and recall some properties regarding the representations of
the group G, especially the Plancherel theorem, and its enveloping Lie al-
gebra 4(g). The (very) general theory may be found in [10], for a description
more adapted to our particular context see [15, Ch. 1]. Note that we will not
use the orbit method [§].

In this paper, we always assume that the representations of the group G
are strongly continuous and acting on separable Hilbert spaces. For a unitary
representation m of G, we keep the same notation for the corresponding
infinitesimal representation which acts on the universal enveloping algebra
$(g) of the Lie algebra of the group. It is characterised by its action on g:

(2.6) 7(X) = d_on(eX), X eg.

The infinitesimal action acts on the space H2° of smooth vectors, that is,
the space of vectors v € H, such that the function G 3 x — w(x)v € H, is
of clagss C*°.

For a unitary representation m and any f € L'(G), we define the operator

n(f) = | f@)n(x)" da.
G
One easily checks

(2.7) |7 ()2 < 1fllove)-

We denote by G the set of classes of unitary irreducible representations
modulo unitary equivalence (see [10] or [15]). It is a standard Borel space
(i.e. a separable complete metrisable topological space equipped with the
sigma-algebra generated by the open sets).

From now on, we may identify a unitary irreducible representation with
its class in G. This leads to the notion of group Fourier transform for a
function f € L}(G) at 7 € G:

(f) = f(m) = Fa(f)(m).
The Plancherel measure is the unique positive Borel standard measure p
on G such that for any f € C.(G), we have

VI @) de = V1P (f) () Ifis e, dia(m).

G a
Here || - |las(s,) denotes the Hilbert-Schmidt norm on the space HS(H) ~
Hr@H: of Hilbert—-Schmidt operators on the Hilbert space H,. This implies
that the group Fourier transform extends unitarily from L'(G) N L?(G) to
L?(G) onto

L*(G) =\ Hx @ My dp(r),
a
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which we identify with the space of p-square integrable fields on G. The
Plancherel formula may be rephrased as

(2.8) 112y = 11l 26y

The orbit method furnishes an expression for the Plancherel measure p
(see [8 Section 4.3]). However we will not need it here.

The general theory on locally compact unimodular groups of type I ap-
plies [10]: let .Z(L%(G)) be the space of bounded linear operators on L*(G)
and let .Z7,(L?(G)) be the subspace of those operators T' € .Z(L*(G)) which
are left-invariant, that is, commute with the left translation:

T(f(g))(q1) = (Tf)(gq), fe€L*G), g.91 €G.

Then there exists a field of bounded operators T'(r) € £ (M), 7 € G, such
that

Vf e LXG) Fa(Tf)(x)=T(x)f(r) for p-almost all 7 € G.

Moreover the operator norm of 7" is equal to

1T 2(z2(cy) = sup | T(7) || 2 3.)-

e
The supremum here has to be understood as the essential supremum with
respect to the Plancherel measure pu. By the Schwartz kernel theorem, any
operator T' € £ (L?(@G)) is a convolution operator and we denote by 7'y €
S'(G) its convolution kernel: Tf = f % (Tdy), f € S(G). One may ex-
tend the definition of the group Fourier transform to these distributions
via Fa{Td} = T(r).
Denoting by L*(G) the space of fields of operators oy € £ (Hx), w € G,

with

ol ey = 5P loall sy < o0,

sle

modulo equivalence under the Plancherel measure p, we have shown that
T € Z(L*(Q)) implies {Fc{Td} = T(n) : 7 € G} € L®(G). Conversely,
to any field o = {o; : 7 € G} in L®(G), we associate the Fourier multiplier
operator T, via

(2.9) FlTo(@)}(m) = oxd(m), 6 € L*(G).
The Plancherel formula implies that T, € .7, (L*(G)) with operator norm

bounded by ||o|| LG As recalled above, the operator norm is in fact equal

to the L*°(G)-norm of o. Thus we have obtained the isometric isomorphism
of von Neumann algebras

L=(G) = L (LA(Q), o T,,

with inverse given via 0 = Fg{T,do}.
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2.3. Rockland operators. Here we recall the definition of Rockland
operators and their main properties.

DEFINITION 2.5. A Rockland operator R on G is a left-invariant differ-
ential operator on G which is homogeneous of positive degree and such that
for each unitary irreducible non-trivial representation m on G, the operator
m(R) is injective on H2°, that is,

YoeH? w(R)v=0=0v=0.

Although the definition of a Rockland operator would make sense on a
homogeneous Lie group (in the sense of [16]), it turns out that the existence of
a (differential) Rockland operator on a homogeneous group implies that the
homogeneous group may be assumed to be graded (cf. [26] 1], see also [15]
Proposition 4.1.3]). This explains why we have chosen the setting of graded
Lie groups for this paper. Helffer and Nourrigat proved [19] the Rockland
conjecture, that is, that the Rockland operators are all the hypoelliptic left-
invariant differential operators on a given graded Lie group. Hence Rockland
operators may be viewed as analogues of elliptic operators or more generally
hypoelliptic operators (with any degree of homogeneity) in a non-abelian
context.

Some authors may have different conventions than ours regarding Rock-
land operators: for instance some choose to consider right-invariant operators
and some consider operators which are not necessarily homogeneous. How-
ever, the choice of conventions does not interfere with the study of the objects
themselves.

EXAMPLE 2.6. In the stratified case, one can easily check that any (left-
invariant negative) sub-Laplacian, that is,

(2.10) L=Z{+ --+2Z2
with 71, ..., Z, forming any basis of the first stratum g;
is a Rockland operator.

EXAMPLE 2.7. On any graded group G, it is not difficult to see that the
operator

n Vo Vo

(2.11) S (-D)%eX," with ¢ >0,

j=1
is a Rockland operator of homogeneous degree 2v, if v, is any common
multiple of vy, ..., v,.

Hence Rockland operators do exist on any graded Lie group (not neces-
sarily stratified).

If a Rockland operator R is formally self-adjoint, that is, R* = R as
elements of the universal enveloping algebra ((g), then R and 7(R) admit
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self-adjoint extensions on L?(G) and H, respectively (see [16, Chapter 3.B|
or [15 §4.1.3]). We keep the same notation for their self-adjoint extensions.
We denote by E and E; their spectral measures:

R={XNdE(\) and w(R)= | XdE.()).
R R
We will be interested in the positive Rockland operators,

Vi eS(@G) |Rf(z)f(z)dx > 0.
G
They are formally self-adjoint. One easily checks that the operator in
is positive. This shows that positive Rockland operators always exist on
any graded Lie group. Note that if G is stratified and £ is a (left-invariant
negative) sub-Laplacian as in , then it is customary to —L as a positive
Rockland operator.

The point 0 in the spectrum of a positive Rockland operator is negli-
gible with respect to the spectral measure (see [22] or [I5, Remark 4.2.8.4]).
Consequently, one can define multiplier operators of R on (0, c0), the value of
this multiplier function at 0 being negligible. The properties of the functional
calculus of R and of the group Fourier transform imply

LEMMA 2.8. Let R be a positive Rockland operator of homogeneous de-
gree v and f : RT — C be a measurable function. Assume that the domain of

the operator f(R) = {5 f(A) dE(X) contains S(G). Then for any ¢ € S(G),
(f(r"R)¢) o Dr = f(R)(¢ o D),
where v denotes the homogeneous degree of R, and in the sense of distribution
(2.12) Fr'R)So(x) = 2f(R)So(r'z), x€G,
where f(R)dy denotes the right convolution kernel of f(R).
Let us recall Hulanicki’s theorem (see [21] or [15] §4.5]).

THEOREM 2.9 (Hulanicki). Let | - | be a quasi-norm on G, s > 0, p €
[1,00), and o € Nj. Then there exist C > 0 and d € N such that for any
f € C0,00),

J(1+ 21X f(R)o ()P de < sup (14 N[ FON)],
p A>0,6=0,....d
provided that the supremum on the right-hand side is finite.

The same result holds with the right-invariant vector fields X; instead of
the left-invariant vector fields X;.

Consequently, if f € S(R) (for instance in f € D(R)), then f(R)d €S(G).

We will also use the fact that any two positive Rockland operators are
equivalent in the following sense (see [I4] or [15] §4.4.5, especially Corollary
4.4.21)):
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ProrosiTiON 2.10.

o If R is a positive Rockland operator, then for any s > 0 the powers R®
defined by spectral calculus are (unbounded) operators on L?(G) with do-
mains containing S(G).

o Let Ry and Ro be two positive Rockland operators of homogeneous degrees
v1 and vo respectively. Then for any s > 0,

30 >0V €S(@) R $ll2 < CIRY 0l 12

Note that Proposition implies that if the hypothesis ([1.4)) of Theorem
[[.T]is satisfied for one positive Rockland operator, then it is satisfied for all.

2.4. Difference operators. The difference operators are aimed to re-
place the derivatives with respect to the Fourier variable in the Euclidean
case.

If ¢ is a continuous function on G, we define A, via

Af(r) = Folaf)(x), med,
for any f € D(G). As the group Fourier transform is injective and D(G)
is dense in LP(G), p € [1,00), this defines the difference operator A, as a
(possibly) unbounded operator with domain in Lz(é) or FL(G) and values

~

in L>®°(G). In particular, for o € Nj}, we set
A% = Aza.

REMARK 2.11. Assuming g to be a continuous function with polynomial
growth, one can define difference operators on S(G). Moreover, under further
hypotheses on ¢, difference operators may be defined on the image of the
group Fourier transform of more general distribution spaces on G where
D(G) is not necessarily dense, for instance on ]-ElL"o(G). In fact, in [I5]
Section 5.2.1], difference operators are defined in a slightly more general
context.

The difference operators as defined above were described concretely in
the case of the Heisenberg group [15], Section 6.3|, and one easily checks that
they coincide with the difference-differential operators of [9] (see also [17] and
[2, 3]). In the case of compact Lie groups, an intrinsic notion of difference
operators can be defined even on symbols that are not Fourier transforms of
distributions (see [12, [I3]). On a general Lie group (even restricting oneself
to the nilpotent class), to the authors’ knowledge at the time of writing,
there is not a more intrinsic way to define difference operators than the one
above.

The difference operators satisfy the Leibniz rule [15] §5.2.2|:

(2.13) Aa(0'10'2) = Z Cal’OQAalO'lAaQUQ,
[a1]+[az]=[a]
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where ¢4, o, are universal constants. By ‘universal constants’, we mean that
they depend only on G and the choice of the basis {X;}7_;.

3. The Sobolev spaces on G. The aim of this section is to study
Sobolev-type spaces on G defined in the following way:

~

DEFINITION 3.1. For each s > 0, we define H*(G) as the space of mea-
surable fields o = {o ()} such that o € L*(G) and A4 y«0 € L?(G) where
| - | is a quasi-norm on G.

~

This means that H*(G) is the image via the group Fourier transform of
the subspace L?(G, (1+ |- |)?%) of L*(G):

H*(G) = Fo(L*(G, (1 + - )*)).

We will call H S(CA}) the Sobolev spaces on G. This vocabulary is justified by

the properties proved in this section. We start by showing that the Sobolev

spaces on (G are Hilbert spaces independent of the quasi-norm:
PROPOSITION 3.2. Let s > 0.

~

(1) The space H*(Q) is independent of the quasi-norm | -|.
(2) Let 0 = {o(m) : m € G} be a p-measurable field of operators and let
s > 0. The following conditions are equivalent:

~

o€ H(G),
there exists a quasi-norm |- |" such that Fg'o € L*(G, (1 +|-|)%),
Folo e LHG,(1+|-|)*) for any quasi-norm |- |',
Folo € L¥(G,w?) for any continuous function ws : G — (0,00) equiv-
alent to (14 |- |)® in the sense that
(3.1) IC>0VreG O M1+ z])° <ws(z) <O+ Jz)°

|.

for one (and then every) quasi-norm | -

(3) Fizing a weight ws satisfying (3.1)), the space HS(@) 1s a Hilbert space
when equipped with the sesquilinear form given via
(01,02) 1+ = (A, 01, A, 02) 2y = | t1(Au, 01 () Au,02(m)") dp ().

G
The corresponding norm is given by

lollzewn = 140l 28 = losF5 ol 2.

Any two weights wgl) and w£2) satisfying (3.1) yield equivalent norms

~

on H*(G).

Proof. For any ws satisfying (3.1), and any quasi-norm |- |, we have
L*(G,(1+]-])*) = L*(G,ws). If | -|' is another quasi-norm, then (1+|-|")* is
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a continuous function satisfying (3.1)) since two quasi-norms are equivalent
by Proposition This together with the isometry F¢ : L*(G) — L*(G)
between Hilbert spaces implies the statement. m

We may allow ourselves to denote the H*(G)-norm by
oWz = lloll s w.
when the function ws has been fixed.

The space H*(G) is stable by taking the adjoint, because one easily
checks the following property: if ¢ = {o(7) : # € G} is in H*(G), then
o* = {o(n)* : m € G} is also in H*(G) and
(3.2) ol as,igys = o™ 1 ars ) -

We have the following inclusions and log-convexity.

LEMMA 3.3. The following continuous inclusions hold for so > s1 > 0:

L*(G) = HY(G) > H*(G) > H*>(G).
If s is between the two non-negative numbers s; and ss, then
ol o, < llollor o, Mo lirss

having written s = 0s1 + (1 — 0)sa, with 0 € [0,1], and fired a quasi-norm
|-l and ws = (1+-])°.

Proof. The inclusions follow readily from (1 +|-[)%* < (14 |-|)*2 when
s2 > s1 > 0. For the log-convexity, we may assume that ¢ # 0,1. Let x =
F5to € L*(G). We have

—0
lolZre s, = llewshlBay = 1(wer )2 (k)2 11
< (wsy 5)* oy (s )2 | oy
by Hélder’s inequality with p=1/6 and ¢ =1/(1—6). =
The difference operators are continuous on Sobolev spaces:

LEMMA 3.4. Let s > 0. Let q be a continuous function on G such that
q/wg/s is bounded, where d > 0 and ws is a continuous function satisfy-

ing (B1)). Then A, maps continuously H*%(G) to H(G):
3C > 0o € H*YYG) || Ayo|lms < Cllo| gosa.

An example of such a function q is any d-homogeneous polynomial. In par-
ticular
[Azac|rs < Cllo| go+ia

Proof. We have
1Ago s = llgwsFg ol 2 ()

d d -1 d
< Nla/oi* || () lwd* ' FG ol 2y = la/wi N pe @y lol e w,
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where w’, is the continuous function wg/ 1 Which satisfies (3.1) with ¢ =
d+s. =

Sobolev spaces with integer exponents admit an equivalent description:
LEMMA 3.5. If s is a common multiple of v1,..., vy, i.e. s € VN, then
o€ H(G) < Vac NG, [a] <s, Agao € L*(G).
Moreover 3 1, < | Aze - HLQ(@) is an equivalent norm on H*(G).

Proof. Let s € v,N. We consider the quasi-norm |- | = |- |,, given by
and the continuous function wy = (1+]-|?)*/(ve) which satisfies (3.1)).
Then w? is a polynomial in z, and more precisely a linear combination of
squared monomials:

WHa) = Y eale®)?

[a]<s

for some coefficients (c,) depending on s and G. Thus

ol = s FG o2y = §| D cala®)?|| Fg o)) da
G [o]<s
<Y el | 20 FG o(@)Pde < C Y |yA$aa||§2@
)<s G [a]<s

We have obtained
lollmow, <C Y 14weoll g
[a]<s
The reverse inequality follows from Lemma[3.4] =

REMARK 3.6.

e In Lemma (%) may be replaced by any basis of homogeneous poly-
nomials.

e In Lemma the hypothesis of divisibility of s by wv1,...,v, cannot be
removed. Indeed, fix let us fix an index ¢ = 1,...,n, and construct a
sequence of symbols oy, k € N, via falak(x) = Ligy—ni<1 [Ljze Yy 1<1-
One easily checks that

HngHs =k but Z HA:CO‘UkuLz = Z k.
[o]<s [a]<s
If s is a positive integer which is not divisible by v, then k7% Z[a]S $ ke
— 0 as k — oo.

The following analogue of the Sobolev embedding holds as an easy con-
sequence of Corollary together with ([2.7)):
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LEMMA 3.7. If o € H*(G) with s > Q/2 then ¢ € FoL'(G) and
sup [lo]l 2, < 1FG 0 llLiie) < Cllolms.
TeG
As in the Euclidean case, we obtain an algebra for ‘pointwise multiplica-
tion’ in the following sense:

~

LEMMA 3.8. For any o and 7 in H*(G), the product o = {o(m)7(7) :
m € G} satisfies (with possibly unbounded norms)
lorllzs < C(lollus1Fe Tllie) + 1Fa ol L@ lITllas),
with a constant C' > 0 independent of o and 7. R R
Hence for s > Q/2, if o,7 € H*(G) then ot € H*(G), and H*(G) is a

(non-commutative) algebra.

Note that Lemma [2.2) only yields
(3.3) lomllzzs S IFG Tl £ (o) llorll s
when a quasi-norm |- | and ws = (14 |- |)® with s > 0 have been fixed. This

does not prove Lemma [3.8]

Proof of Lemma[3.8 We fix a quasi-norm |- | and ws = (1 +|-|)%. As a
quasi-norm satisfies the triangle inequality (see Proposition , one easily
checks that

(3.4) AC =Cyp Yo,y € G ws(z) < Clws(zy™) + ws(y))-
Let 0,7 € H5(G) and f := Fglo, g = F;'r. Then
o7l as w, = llws g fllz2(c)-
The inequality in (3.4]) implies
ws |g* I < O((wslgl) * [+ 19 * (ws] £1)),
thus we obtain
lws g * fllzz) < C(I(wslgl) * [flllzeay + gl * (ws fDllz2@))
< C(st\g\HL?(G)HfHLl(G) + HQHLl(G)stfHL2(G))>

by Young’s inequality (see (2.1)). With Lemma the statement follows
easily. m

4. The Mikhlin-Hérmander condition on G. In the Euclidean case,
the Mikhlin—H6rmander condition which implies that a function is an LP-
multiplier for all p > 1 is the membership in Sobolev spaces locally uniformly
(see the introduction). The aim of this section is to define membership in
Sobolev spaces locally uniformly in our context and express our main mul-
tiplier theorem in term of this membership. This requires first to define
dilations on G.
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4.1. Dilations on G. In this section, we define dilations on the set G.
This is possible thanks to the following lemma whose proof is a routine
exercise in representation theory:

LEMMA 4.1.
(1) If w is a unitary irreducible representation of G and r > 0, then setting
(4.1) r-m(z)=mn(rz), x¢€gG,

we have defined a unitary irreducible representation r - of G.

(2) If 71 and wo are equivalent unitary irreducible representations of G, then,
for any r >0, r-m and r - T are equivalent unitary irreducible repre-
sentations of G.

DEFINITION 4.2. For any 7 € G and any r > 0, equation (4.1)) defines a
new class R
r-m:= D.(7) € G.
These dilations define an action of R** on G which interacts nicely with
the group structure:
LEMMA 4.3. Let m € G and r > 0.

e For any a € N",
rom(X®) = rldr(xe).

e For any positive Rockland operator R of degree vr,
r-m(R) =r"*n(R),
and if f € L*(R) then (spectral definitions)
fr-m(R)) = f(r"*=(R)).
o If k€ L*(G) U LY(G) then
(r-m)(k) =a(r 9k(rt)).

Consequently,
AR(r - m)} = (AR (r - 7).

The proof of Lemma [£.3] is left to the reader.
The Sobolev spaces on GG are invariant under these dilations:

LEMMA 4.4. Let o € L*(G) and s > 0. If o € H*(G) then o o D, =
{o(r-m):me G} isin H*(G) for all r > 0. Furthermore fix a quasi-norm
|| and ws = (1 +|-])*. For every r >0 and o € L*(G), we have

lo-© Drllrs o, < (147)r"|0 s o,
Proof. Lemma [4.3] and the change of variable D, yield
lo-© Drllrs o, = llwsr™ @(Fg'o) o Do ||z = v~ @2 (14 1| - ) F ol 2.
We conclude with (1+7]-])* < (14 7r)’ws. m
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~

4.2. Fields locally uniformly in H*(G). The aim of this section is
to define and study the Banach space of fields locally uniformly in H S(é)
In the Euclidean case, membership in Sobolev spaces locally uniformly is
the Mikhlin—-Hérmander condition which implies that a function is an LP-

multiplier for all p > 1. This motivates the following definition.

DEFINITION 4.5. Let s > 0. We say that a measurable field of operators
o ={o(m) : m € G} is locally uniformly in H*(G) on the right, respectively
on the left, when there exist a positive Rockland operator R and a non-zero
function n € D(0, 00) such that the quantity

@2) ol o = s {o(r Dn(r(R) : 7 € GY |-
or respectively

(4.3) ol pnm = sup [{n(r(R)) o(r-m): m GHla
is finite.

Our first task will be to show that, as in the Euclidean case, this definition
does not depend on the cut-off function. Here we also have to prove that it
does not depend on the Rockland operator. This is the object of the following
statement, which will be proved in Section 5.1

PROPOSITION 4.6. Let 0 = {o(n) : 7 € G} be a measurable field of
operators such that ”UHHLS.u.,Rv’?vR is finite for some positive Rockland operator
R andn € D(0,00)\{0}. Then for any positive Rockland operator S and any
¢ € D(0,00), the quantity HU”Hﬁu.,RvaS is finite and there exists a constant
C > 0 (depending on R,S and n,( but not on o) such that

lollas, pes < Clollag, mr-

We have a similar result for the left case, and we denote by H} R(@),

~

resp. H}, 1 (G), the space of measurable fields which are locally uniformly

~

in H*(G) on the right, respectively on the left. Furthermore these spaces are
Banach spaces with the following properties:

COROLLARY 4.7.
(1) If s > 0, then H}, R(é) is a Banach space when equipped with any
equivalent norm || - || up, . nrs where n € D(0,00) is non-zero and R is

a positive Rockland operator.
(2) We have the continuous inclusion

~

H, 1(G) € H2 5(G), 12 s,
(3) If o € Hf.u.’R(CA?) and v, > 0, then o0 o D, € Hﬁu',R(@) satisfies

||O o DTOHHZS.'LL.,R’U’R = ||O_||Hls.uA,R’77(T;1.)7R'
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(4) If s > Q/2, we have a continuous inclusion of Sobolev type
H}, p € L¥(G).
We have similar statements for the left case.

This corollary will be proved in Section [5.2 We can already point out
that taking the adjoint provides the link between the left and right cases:

LEMMA 4.8. Let o = {o(m) : 7 € @} be a p-measurable field of operators
and s > 0. Then
o€ Hp, p(G) <= o' € Hy, 1(G),
and in this case
”UHHiu”R,n,R = ||‘7*||Hiu,’y77773‘
We can reverse the roles of left and right.

Lemma [4.8] E 8| follows readily from

The following statement gives suﬂi(:lent conditions for the membership
in Hj, p (G) and H}, (G)

PROPOSITION 4.9. Let 0 = {o(r) : # € G} be a p-measurable field of
operators and s > 0. Let R be a positive Rockland operator and let n €
D(0,00) be non-zero.

(Left) IfTr(R)[a]/”AO‘U € L>=(G) for all |a| < N and some N € N divisible
by v1,...,Un, then o € HY (G) and

lollgy,  ar <€ Z sup [|7(R) Y A% ()| 31,
[a]<N7r€G

where the constant C > 0 does not depend on o.
(Right) If Ao‘mr( )el/v e L°(G) for all|a| < N and some N € N divisible
by v1,...,Un, then o € HY (G) and

lollgy, or=C Z sup || A% (m)m(R)V | p 3¢,
[a]<N7T€G

where the constant C' > 0 does not depend on o.

Proposition [4.9 will be shown in Section [5.3] Note that in the statement
above, the meaning of A% () requires the slightly more general definition
of difference operator alluded to in Remark

REMARK 4.10. The suprema in Proposition [£.9] are independent of the
choice of a positive Rockland operator; see Propositions 2.10] and [£.6] More-
over, the condition described in Proposition is invariant under dilation
by part of Corollary and for the suprema involved in Proposition
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by Lemma [4.3] and the following calculations:
(R) A% (o 0 Dy, ) (m) = rla(R)VY A% (o) (ro - )

= (ro - T)(R)V A%(5)(r, - )
= m (R A% (7)),
with w1 = r, - . Therefore
(44)  sup [7(R)* A%(0 0 Dy, (7)l| 20,
TeG
= sup [|m (R)V A% (m1) || ¢a1,., -
meG

4.3. The main result. The main result of this article is Theorem
which we now rephrase as:

THEOREM 4.11. Let G be a graded nilpotent Lie group. If o = {o(m) :

T E G} € 0, (G) NH, (G () for some s > Q/2 then the corresponding
operator T = T 18 bounded on LP(G) for any 1 < p < oo. Furthermore,

1T 2zr(cy < Cmax(|lollm;, ar:lollmg, ,aRr);

where C' > 0 is a constant independent of o but may depend on p,s,G and
the choice of n € D(0,00) and a positive Rockland operator R.

By Proposition [£.9] Theorem [.11] implies Theorem [I.1]
The hypotheses and the conclusion of Theorems[d.TT|and [I.T]are ‘dilation-

invariant’ and do not depend of a choice of a Rockland operator or a func-
tion 7; see Remark [£.10] and Corollary @

Theorem is proved in Section [5.4] and its proof yields the following
more precise version:

COROLLARY 4.12. Let G be a graded nilpotent Lie group. Let o = {o(n) :
T € G} be a p-measurable field of operators in L2(G) and let T, be the
corresponding Fourier multiplier operator on S(G).
(1) If o is in Hp, g or H}, ; for some s > Q/2, then T is bounded on

L*(G) with

lollas, .
1Tl 2(z2(c)) = sup [|o(m)|lop < C2 q resp.
mee o
HlAuA,L’

and Co a constant independent of o.
(2) If o € H}, p for some s > Q/2 then T is of weak type L'. Moreover
there exists a constant C1 > 0 independent of o such that

oz,
VFES(G) Ya> 0 [{z:ITH@)] > a} < 22 )
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For each p € (1,2), there exists a constant Cp, > 0 independent of o such
that

Vfes(@) NTflwr < Gllolla;, Nfllzr@):-

(3) If o € H},, ; for some s > Q/2, then T* is of weak type L*. Moreover
there exists a constant C1 > 0 independent of o such that

) oz,
VIES(G) Ya >0 [{r: [T ()] > a} £ O fll s g,

For each p € (2,00), there exists a constant C, > 0 independent of o
such that

VfeS(@) TSl < Gpllolla;, lfllzr -

In the statement above, ||o|[gs . denotes a choice of norms |lo|ms. . =,
and similarly for the left case. The constants in the statement depend on this
choice.

5. Proofs

5.1. Proof of Proposition Let n and R be fixed as in Proposi-
tion We may assume 7 is real-valued (otherwise we consider separately
Rn and In). Let ¢, > 0 be such that 27 intersects I where I is an open
interval inside the support of 7. For A € R and j € Z, we set

ni(A) =n(279\) and  a(X) =) 0 ().
JEZL
One easily checks that « is constantly 0 on (—oo, 0] and smooth and valued
in (0,00) on (0,00). Furthermore,

2
VAERVj€Z a(2/)) =a()), and VA>0 Y %()\) =1,
JEZ

2
andidy, =3 ey %(W(R)) with convergence in the strong operator topology

of £ (Hr). Hence,

lotr-mr(SDllae < S B, where Eyi= orm B rR)c(x(S))|
JEL He
CASE j > 0. By , we have
By S ot mmy (xR | 65 (RSN

Lemma [4.3| yields ||o(r - m)n;(7(R))||ms S 23'00@/(2”73)”0”1{;% R+ While by
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Lemma [2.2| the L!(w)-norm is
s[7a { L wmmerr~]

>\_N770(
(0]

1P Hm (R C(m(SHH 1 o)

Lt (ws)

IRN¢(S)doll 2 (o)
L (ws)

— 2—jCON 2_jCOR)50

for a suitable positive integer N. By Hulanicki’s theorem (Theorem ,
((S)do € S(G) so the second L'(ws)-norm is finite, and the first one is
< 27¢0 for some d € N which depends on s, R, G but not on N. Hence we
have obtained E; < 2jc°(d_N+Q/2)HUHH;u R, and choosing N > d + Q/2

we haVe Z]ZO E] rg HUHHlS'u"Rvan'

CASE j < 0. By Lemma and (3.3]), we have

B 5 2R ol |75 { LrRc 5

L. RRn

)}

Li(ws)

By Lemma the L!(ws)-norm is

< e {Bemnme | | 17t e
SVIR| VRO O@ RS e
Lt (ws)

for a suitable positive integer N’. By Hulanicki’s theorem (Theorem ,
1(R)dp € S(G) so the first L!(w,)-norm is finite, and the second one is
eo
< 97172 for some @' € N which depends on s,S,G but not on N’. Hence
. §-9 (—d'+N'+Q/2—s) .
we have obtained E; < 2°"r llo || ers R, and choosing an
J o~ Lo, RD

integer N’ such that N’ > d' — Q/2 + s we get Z]"<0 E; Slollag, R
This concludes the proof of Proposition [4.6]
5.2. Proof of Corollary If loflgs, .nr =0, then by Lemma

lon(rm(R))|[ms = 0,

and the field o (m)n(rm(R)) is identically zero for any r > 0, since H*(G) is
a normed space. Choosing 7 such that e.g. n = 1 on [1, 2], this implies that
for any a,b > 0, o(mw)Er[a,b] = 0 where E is the spectral resolution of w(R)
(or equivalently the group Fourier transform of the spectral resolution of R;
see [15]). Hence o = 0.

Let {o¢} be a Cauchy sequence in Hf.u.,R(@), that is,
(5.1) Ve>0 3l € NVl , by > L Nr >0 |[(00, —0p,)(rm)n(m(R))|| s <e.
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This implies that {o/(r - 7)n(7(R))} is a Cauchy sequence in the Banach
space H S(é) for each r > 0 fixed. For the same reasons as above, this shows
that {o¢Ey[a,b]} is a Cauchy sequence in H*(G). Hence it converges towards
a limit o) in H5(GQ) with o(@?) = g E [a,b] if [a,b] C [c,d]. This
defines a field of operators ¢ which satisfies, for each r > 0 fixed,

T oy(r - m)(n(R)) = o (r - m)(n(R)

Passing to the limit in shows that o is also the limit of {0/} in Hp, (CA})
This shows part - (1), of Corollary .

Part follows from the similar inclusions for H*(G) (see Lemma .
Part is easily checked.

It remains to show part Let s > /2. We may choose n € D(0, c0)
supported in [1/2,4] such that 0 < 7 < 1 and n = 1 on [1,2]. Functional
calculus yields

sup [lo(m) Ex[r™", 2r | 21,y < sup [lo(r - m) E[L, 2n(7(R))l| (34,

reG TeG

< sup [lo(r-m)n(r(R)I 2. < Cllola;, znr
TeG

by the Sobolev embedding of H* ((A;) (see Lemma . Here, the constant
C is independent of r > 0, and therefore the supremum over r > 0 of
Sup_.a |o(m) Ex[r~",2r ]| (s, is finite. This shows that o € L>°(G) and
concludes the proof of Corollary

5.3. Proof of Proposition We will prove the second statement,
for the right spaces. We have already noted that the statement requires
the slightly more general definition of difference operator alluded to in Re-
mark [2.11] This is also the case for this proof.

Let N € v,N, that is, a positive integer divisible by v1,...,v,. Let o €
L>=(G) be such that A%om(R)/ € L=(G) for all |a| < N. By Lemma
we have

lo(r-mn(@R) | gv @ = Y 1A (o(r-m)n(r(R)) 26

[a]<N
S Y B lolr m) Apean(r (Rl
[ar1]+[a2]<N
by the Leibniz formula (see (2.13)). Inserting powers of m(R), we have for
each term above the estimate
[Azer (o (r - 7)) Agoan(m(R))|l 12 )
<[ Agor (o (r - ARV o ) I (R) TV Ao (m (R))] o
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For the first term, by (4.4]), we have

1Aze1 (o (r - m)m(R)CVY ) = sup 1A% (1) mi (R)V | 23, )-
meG
For the second term, we define 1y, € D(0,00) via nyr(\) = A=y () for an
M € N to be chosen. Using again the Leibniz formula, we have

||7T(R)’[aﬂ/”Axa277(7T(R))||Lz(@)
S > IIW(R)‘[“”/”(AMW(R)M)W(R)[“”/”‘M”‘”IILoo(a

[az]+[aa]=[02]

X ||7T(R)*[aﬂ/l/+Mufa3Axa4nM(Tr(R))HLQ(é),

By Hulanicki’s theorem (see Theorem [2.9)), the function z%ny(m(R))do is
Schwartz. We fix M such that —[a;]/v + Mv — ag > 0 for all as as above.
In this way, %4y (7(R))do is in the domain of R~I1l/v+Mv=as 1y Proposi-
tion [2.10, Hence ||W(R)*[“1]/”+MV*O‘3AW4nM(W(R))||L2(@) is finite. For the
L% (G term, easy computations [15, Lemma 5.2.9] show that Agesm(R)M
is the image via F of a homogeneous left-invariant differential operator T
of degree Mvy — [a3]. By [15, Theorem 4.4.16], R~lel/vRleal/v=Mvtas g
bounded, thus ||m(R)~ /¥ (Agesw(R)M)m(R)leal/v=Mrbes | o s finite.

We have therefore obtained

lo(r - (R yn @) S > sup [|A% (m)mi (R g o, -
[on]<N TEG

)

Taking the supremum over r on the left-hand side proves Proposition for
the condition on the right. For the condition on the left, one can proceed in
a similar way or obtain it by taking the adjoint of the condition on the right

(see Lemma [4.8).

5.4. Proof of Theorem Let 0 € H}, p with s > Q/2. We
want to show that the Fourier multiplier operator T, admits an LP-bounded
extension. We will follow the classical way: we prove that T, is a Calderén—
Zygmund operator on the space G of homogeneous type (see [5, Ch. III]).

Let n € D(0,00) be supported in [1/2,2], valued in [0, 1] and satisfying
> jezM; =1 on (0,00) where n;(\) = n(277\). For each j € Z and 7 € G,
we set

7i(x) = o2 - m)n(r(R).

Then o; € H*(G) with
(5.2) P

By Corollary o and the o;’s are in LOO(@) and thus define Fourier
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multipliers
T:¢— ]-"51{05} and T} :¢— .7:51{0]-5},
which are bounded on L?(G). Their convolution kernels are respectively x :=
Folo € 8'(G) and k; := F5'oj € L*(G).
By Lemma the functions x; are integrable.

REMARK 5.1. Even if it is not needed, we can easily show that

S kj(x)dr = 0.
G

Indeed, denoting by 15 the trivial representation, we have

| ki) de =7;(15) = 0j(15) = 0(277 - 15)n(15(R)).
G

Since the infinitesimal representation of 15 is identically zero and 7 is sup-
ported away from 0, we have 1(15(R)) = 0 and therefore the integral of x;
is zero.

The sum ) ez (R) converges towards the identity in the strong oper-
ator norm on L?(G). Formally,

T= ZTjnj(R), o= Zo—j(ij), and k= ZQ_Qj/{j(Z_j -).
JEZL JEZ JEZL
Let us prove that the last sum has a meaning and that the first Calderén—
Zygmund condition is statisfied:

LEMMA 5.2. The function k is locally integrable on G\ {0}. Moreover
the sum ey 2W@g;(277 ) converges to k in Li (G \ {0}).

Proof. Fix m € Z. By the change of variable given by the dilation D,
for each j € Z we have

| 127 k(277 z) | do = | k()| daz.
QmS‘xlggmﬁ»l 2m—j§‘x|§2m—j+1
If m — 3 >0, then
| |k ()] o = | [ (@) | (1 + [ )°(1 + [2])“ da
2m=I < fa|<2mitd 2m=iL[|z|<2m it
S 2N i (L4 |- 1)Nlpey S 297 w1+ - P llz2(a):
by Corollary as long as s — e > /2.
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If m — 5 < 0, then by the Cauchy—Schwarz inequality we have
| |5 (@)] dz = § (14 [2])* |k (@) | (14 |2]) " Lym-scpp cam-i+r da
2m=j<|z|<2m—i+1 G
< ri (L4 - DN2@llX+ |- ) Lam=i<jaj<om—s+1 12(G)-
Note that
[+ 1) Lam—i<izi<am—s+tllz2(@) S 2(m=Q/2,
and by (5.2),
Ik L+ [ D)l ez = llojllas < llollag, . R—a-

We choose € = (s + Q/2)/2. We can now sum over j € Z to obtain

m—1 00
Z S ]27anj(2*jx)] dax = Z + Z
JEL 2m <|x|<2mtL Jj=—oo j=m

m—1 fe'e)
Qi .
< ) 2ulm ])IIU!\ltirls,uﬁ,?z,r;Jr ) 20 mkHUHHﬁuqR,RmS lollag,, pRom-
j=m

Jj=—00
This implies £ = 3, 27@;(277 ) is integrable on {2 < |z| < 2mF1}
Therefore x is locally integrable on G \ {0}. =
Let us prove the Calderén—Zygmund inequality on the kernel:
LEMMA 5.3. Let us rewrite
K(z,y) =y 'z) and d(z,y) = |y 2|
e There exists C > 0 such that for any distinct y,vy' € G,
| |K(2,y) — K(z,9)|dz < Cllo|lu;, ,~a-
d(z,y)>4cd(y,y’)
o For K.(z,y) = k*(y~'x) = R(z~'y), there exists C > 0 such that for any
distinct y,y' € G,
| |Ku(2,y) — Ku(2,y)|d2 < Cllo|u;, | »a-
d(z,y)>4cd(y,y’)

Here ¢ denotes the constant in the triangle inequality for the quasi-norm

chosen (see Proposition [2.1)).

Proof of Lemma . Let v,y € G be distinct. Let h := ¢ 'y in G\ {0}
and let m € Z be such that 2™ < 4c|h| < 2L, After the change of variable
2z =y~ 'x we see that

| K (x,y) — K(z,y)|de = | |5(2) — 6(hz)|dz < I,
d(w,y)>4cd(y,y") |z|>4c|h| JEZ
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where
L= | [2779;(2772) — 2779%;(277 (h2))| dz,
|z|>4c|h|
since k=) 277Qk(277 ). Using the change of variable 2772 = w, we have
L= | Isw) = (27 h)w)| de.
27 |w|>4c|h|
If 5 < m we use
< § sl dw+ | 5 (w')]
2 |w|>4c|h| 23|(2=3 h)~1w’|>4c|h|
after the change of variable w’ = (277h)w. The triangle inequality implies
271(277h) " tw'| > 4elh| = |w'| > 3¢279|h| > %2_j+m.
Therefore,
L<2  § |s()de L2070+ ] )Rl
] >32-+m
By Corollary and Lemma with @,

1A+ 1-DRillre) S llollag, ma-

So we have obtained, in the case j < m,

I 20 ™olluy, =

If j > m, we use the L'-mean value theorem given in Lemma
n n
LS 1279h ) Xergllney S 2770 1 Xewillnie
=1 (=1
as 1 <wvy; <--- < wv,. By Corollary 2.3 and Lemma [3.7] we have

1Xewsll Loy S 1(Xeri) L+ 1%z
and by the Plancherel formula (see ([2.8))),
1(Xer) (L 41 D2y = log(m)m(Xo)ll o
= o2 - T)n(r(R)) wr(RNT(XD) | 1o gy

where w € D(0,00) is identically 1 on the support of 7. By Hulanicki’s
theorem (Theorem 2.9), the function g, := F {w(m(R))7(X,)} is Schwartz.

By , we have
lo(277 - m)n(n (R))w(m(R)m(Xo)ll gy = o277 - m)n(m(R))Ge(m) 0 )

Slo@™ - mn(r R oy < lollmg, ora-
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So we have obtained, in the case j > m,
_
L S 2ol \ra

We can now go back to

D 18D 20 ol pirn+ 32"l lag, pmn S ol i

JEZ j<m ji>m

For K,, after the change of variable z = 'y and setting ' = y~ '/, we
see that

| Ki(z,y) = Kol y) | de = | |k(2) — k(zl)| dz.
d(z,y)>4cd(y,y’) |z|>4c|h|

We proceed exactly in the same way as above using left-invariant vector
fields Xy. m

Hence the operator T satisfies the hypotheses of the Calderéon-Zygmund
theorem in the context of graded Lie groups, and more generally on spaces
of homogeneous type (cf. [5, Ch. III]). This implies Theorem and yields
the following proof of Corollary [1.12]

Proof of Comllary- Part (1) follows from Corollary. 4.7l For part (2),
Lemmata 5.2 and 5.3 show that, if o € H}', p for some s > Q/2, then £ is
a Calderon-Zygmund kernel (bee [5, Ch. III] or [15, §3.2.3]). We proceed in
the same way for part (3), using Lemma (4.8} if o € Hj,  for some s > Q/2,
then x* is a Calderon—Zygmund kernel. As T = T,«, this shows (3). =
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